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The general structure of collineation groups with a faithful tran-
sitive action on the line at inﬁnity of a ﬁnite aﬃne plane is de-
termined. Moreover, the projective planes admitting a collineation
group which ﬁxes a point and acts transitively on a blocking set
are classiﬁed when the group is of even order.
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Collineation groups of ﬁnite projective planes and their geometries have been studied systemati-
cally since the beginning of the twentieth century. Special attention is devoted to collineation groups
G of a ﬁnite projective plane Π which ﬁx a line  and act on it with some transitivity properties.
The main diﬃculty in dealing with this problem is the concurrent presence of Baer involutions and
involutory perspectivities with axis  of the projective plane Π in the group G . Actually, the existence
of involutory elations of axis  forces Π to be a translation plane and the problem is easier to tackle,
since the theory of ﬁnite translation planes is extremely advanced. The case when G is 2-transitive
on  has been completely solved over the years mainly by Cofman [6], Schulz [28] and Czerwinski
[8,9], Kallaher [16], Korchmáros [19], and more recently by Biliotti and Francot [2].
When we consider groups G with some transitivity properties on , the most natural generalization
of 2-transitivity is primitivity and ultimately transitivity. Clearly, the problem considerably increases in
diﬃculty. However, the authors [4] provide an essentially complete solution when G is almost simple
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M. Biliotti, A. Montinaro / Finite Fields and Their Applications 17 (2011) 148–156 149or G has a faithful and primitive action on . The hypothesis that G has a faithful action on  rules
out the possibility that G contains both Baer involutions and involutory perspectivities with axis .
The present paper is a further contribution to the above problem. Indeed, we essentially determine
the general structure of G when it has a faithful and transitive action on  (Theorem 1, see below).
These results could be extended quite easily when G has a non-trivial kernel of odd order. The case
when G has a non-trivial kernel of even order remains still open.
As an application of our main result we determine the triple (Π, B,G) when G is a collineation
group of even order which acts transitively on a blocking set B and ﬁxes a point off B (transitive
pointed blocking sets). This problem was a part of research carried out by Biliotti and Korchmáros [3]
in 1992. The authors determined the order of Π and the pair (B,G) under the assumption that
G contains involutory perspectivities. They also furnished an interesting example of (Π, B,G). Here,
we only require that G is of even order and we classify the triples (Π, B,G) by using a result of
Maschietti [25].
Our main result is as follows.
Theorem 1. Let G be a collineation group of a ﬁnite projective plane Π of order n with a faithful transitive
action on a line  of Π . If G is of even order, then one of the following occurs:
1. Soc(G) is an elementary abelian p-group for some prime p dividing n + 1, the group G/Soc(G) acts
irreducibly on Soc(G) regarded as a GF(p)-vector space, and G ﬁxes a unique point of Π − ;
2. Soc(G) is a non-abelian simple group acting 2-transitively on , the involutions are perspectivities of Π
and one of the following occurs:
(a) n = 2s , Π ∼= PG2(2s) and Soc(G) ∼= PSL2(2s);
(b) n = 22s and Soc(G) ∼= Sz(2s);
(c) n = 23s and Soc(G) ∼= PSU3(2s).
1. Proof of Theorem 1
For what concerns ﬁnite groups the reader is referred to [11] and [18]. The necessary background
about ﬁnite projective planes may be found in [15].
Let Π be the projective extension of the aﬃne plane A by the line at inﬁnity ∞ , which will
be simply denoted by , and let G be a collineation group of Π which has a faithful transitive action
on . Assume that G is of even order. If G contains an involutory perspectivity σ of Π , then the axis of σ
is distinct from  as G acts faithfully on Π and Theorem 1 easily follows from [4], Proposition 4. Thus,
throughout the paper we shall assume that all the involutions in G are Baer collineations of Π . Therefore,
n is a square.
Finally, we denote by Soc(G) the socle of G , the subgroup of G generated by the minimal normal
subgroups of G .
Lemma 2. Assume that G is faithful and transitive on a line  of Π . If G is of even order, then one of the
following occurs:
1. Soc(G) is an elementary abelian p-group for some prime p dividing n + 1, the group G/Soc(G) acts
irreducibly on Soc(G) regarded as a GF(p)-vector space, and G ﬁxes a unique point of Π − ;
2. Soc(G) ∼= Ld, d 1, where L is a non-abelian simple group, and G permutes the d copies of L transitively
via conjugation.
Proof. Assume that G ﬁxes a line  of Π and has a faithful transitive action on . Suppose that G
contains at least two distinct minimal normal subgroups. Let L and M be such subgroups. Hence 
consists of non-trivial M-orbits of equal length as M  G . Then [M : MP ] | (n+1) for each P ∈ . Now,
let γ be any involution in L. Since γ is a Baer collineation of Π by our assumption, then γ ﬁxes
exactly
√
n + 1 points of . Moreover, since M commutes with γ , then Fix(γ ) ∩  is preserved by M .
In particular Fix(γ ) ∩  consists of some of the M-orbits of . Since the M-orbits on  have equal
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[M : MQ ] | (n + 1). If MQ = M , then M ﬁxes  pointwise. This is impossible since the action of G on
 is faithful. Thus [M : MQ ] = 2. Then M is an elementary abelian 2-group by [11], Theorem 4.3A,
since M is a minimal normal subgroup of G . Furthermore, n is odd as [M : MQ ] | (n + 1). The group
M consists of Baer collineations Π since each involution in G is a Baer collineation of Π by our
assumption. Then |M| | √n(√n− 1) by [15], Result 1.14. Actually, |M| | (√n− 1) as n is odd. Note that
MQ  GQ , then [G : GQ ] = |MGQ |[NG(MQ ) : GQ ], where [NG(MQ ) : GQ ] is the number of points of 
ﬁxed by MQ . As [G : GQ ] = n + 1, and as [NG(MQ ) : GQ ] √n + 1 since MQ contains involutions,
then |MGQ | n+1√n+1 >
√
n−1. Note that |MGQ | |M|−1, since MQ is a hyperplane of PG(M) and M is
a GF(2)-vector space. Thus |MGQ | <
√
n − 1 as |M| | (√n − 1). This is impossible since |MGQ | >
√
n − 1.
Thus G contains a unique minimal normal subgroup which clearly coincides with Soc(G) by the very
deﬁnition of socle. Then Soc(G) is either an elementary abelian p-group for some prime p, or Soc(G)
is a direct product of isomorphic non-abelian simple subgroups by [11], Theorem 4.3A. In particular
in the former case G/Soc(G) acts irreducibly on Soc(G) regarded as a GF(p)-vector space, since Soc(G)
is proven to be minimal normal in G .
Assume that Soc(G) is an elementary abelian p-group. As G is transitive on , then p | (n + 1).
Then there is at least a point X ∈ Π ﬁxed by Soc(G), as (n + 1,n2 + n + 1) = 1. If X ∈ , then Soc(G)
ﬁxes  pointwise, as G is transitive on  and Soc(G) G , contradicting the fact that G has a faithful
action on . Thus X ∈ Π . Suppose that Xg = X for some g ∈ G . Then Soc(G) ﬁxes the point Xg ,
as Soc(G) is normal in G . Thus Soc(G) ﬁxes the line (Xg)X and hence the point (Xg)X ∩ . This is
impossible by the previous argument. Thus G ﬁxes X . As G is transitive on , then X is the unique
point of Π ﬁxed by G . This completes the proof. 
In the remainder of the paper we assume that Soc(G) ∼= Ld , d  1, where L is non-abelian simple.
Set N = Soc(G) and N ∼= L1 × L2 × · · · × Ld where Li ∼= L for each i with 1  i  d. Moreover, set
N j ∼= L1 × · · · × L j−1 × 〈1〉 × L j+1 × · · · × Ld for each j with 1 j  d.
Lemma 3. If d 2, the following occur:
1. For each point X ∈  and for each i with 1 i  d, the group Li,X contains a subgroup of index at most 2
in a Sylow 2-subgroup of Li ;
2. Let P be any point of . For each odd prime t dividing [N1 : N1,P ] and for each h with 1 h d there is a
point Q ∈  such that Lh,Q is a proper subgroup of Lh containing a Sylow t-subgroup of Lh.
Proof. Let σ be a Baer involution of Π lying in L1. As N = L1 × N1, then N1  CG(σ ). Hence P N1 ⊆
Fix(σ )∩  for each P ∈ Fix(σ )∩ . Since N1  N , then P N is partitioned into N1-orbits of equal length.
Hence |P N1 | = [N1 : N1,P ] divides n + 1. Moreover
∑
k
θk[N1 : N1,Pk ] =
√
n + 1, (1)
where the Pk ’s are the representatives of the N1-orbits on Fix(σ ) ∩  having distinct length and the
θk ’s denotes the number of such N1-orbits of length [N1 : N1,Pk ].
Suppose that there is k¯ such that [N1 : N1,Pk¯ ] = 1. We may assume without loss of generality
that k¯ = 1. Hence, [N : NP1 ] = [L1 : L1,P1 ] as N1  N . Since G acts faithfully on , then [N : NP1 ] =[L1 : L1,P1 ] > 1. Recall that all the N-orbits on  have the same length, as G is transitive on  and
N  G . Thus for each point R ∈  there is a unique 1  i  d such that [N : NR ] = [Li : Li,R ] and
La,R = La for each 1  a  d such that a = i, since G acts transitively on the L j ’s via conjugation.
Therefore [L1 : L1,P1 ] = [Li : Li,R ], as the N-orbits on  have the same length. Furthermore, each Lh has
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Let c be such number. Then
dc[L1 : L1,P1 ] = n + 1. (2)
Consequently, each L j ﬁxes exactly (d − 1)c[L1 : L1,P1 ] points of . In particular any Baer involution
of L j ﬁxes at least (d − 1)c[L1 : L1,P1 ] points of . Hence, we obtain
(d − 1)c[L1 : L1,P1 ]
√
n + 1. (3)
Thus n − √n c[L1 : L1,P1 ] by subtracting (3) from (2). Moreover, since d 2, by (2) we have
n − √n c[L1 : L1,P1 ]
n + 1
2
,
which yields
√
n = 2. Hence Π ∼= PG(2,4) and G  24 : A5. A contradiction, since N  G where N is
a direct product of non-abelian simple groups. Thus [N1 : N1,Pk ] > 1 for each k.
If there is a prime t dividing [N1 : N1,Pk ] for each k, then t divides
√
n + 1. Moreover t divides
n + 1 as [N1 : N1,Pk ] divides n + 1, being N1  N . Thus t divides (n + 1,
√
n + 1) and hence n is odd
and t = 2. Thus for each odd prime divisor w of [N1 : N1,Pk ], there is k′ = k such that w does not
divide [N1 : N1,Pk′ ]. Therefore S1  N1,Pk′ < N1, where S1 is a Sylow w-subgroup of N1. Clearly S1 =
S12 × S13 × · · · × S1d , where S1h is a Sylow w-subgroup of Lh for each 2 h  d. In particular S1h 
Lh,Pk′  Lh . If Lh,Pk′ = Lh for each 2  h  d, then N1,Pk′ = N1. This is a contradiction, since all the
N1-orbits on Fix(σ )∩  have length greater than 1. Thus there is 2 j¯  d such that S1 j¯  L j¯,Pk′ < L j¯ .
Then the same occurs for the other L j ’s since G acts transitively via conjugation on the L j ’s. This
proves (2).
Finally, let S be a Sylow 2-subgroup of N , then S = S1 × S2 × · · · × Sd where S j is a Sylow
2-subgroup of L. Let X be any point of . Then S∩ NX is a Sylow 2-subgroup of NX . Note that
[S : S ∩ NX ] divides [N : NX ] and hence n + 1. As 4 does not divide n + 1 being n a square, then
[S : S ∩ NX ] 2. Then [S j : S j ∩ L j,X ] 2 and we obtain (1). 
Lemma 4. If d 2 and there is an involution σ ∈ L such that σ L = σ Aut(L) , then the following occur:
1. n is odd;
2. The line  consists of two N-orbits of equal length;
3. d = 2;
4. The stabilizer in L j of any point on  contains a Sylow 2-subgroup of L j for each j = 1,2;
5. If P and Q lie in distinct N-orbits on , then ([L j : L j,P ], [L j : L j,Q ]) = 1 for each j = 1,2.
Proof. Let σ ∈ L be such that σ L = σ Aut(L) and let σ¯ = (σ1, . . . , σd) where σi ∈ Li and σi = σ for each
1 i  d. Clearly σ¯ ∈ N and CN (σ¯ ) = CL(σ )d . Therefore |σ¯ N | = |σ L |d . Now, we prove that σ¯ N = σ¯ G .
Let β ∈ σ¯ g for some g ∈ G . Since G  Aut(L)wrSd , then β = (δ1, . . . , δd)φ where δi ∈ Aut(Li) for each
1 i  d and φ ∈ Sd . Then β = σ¯ (δφ(1),...,δφ(n)) and hence β = (σ δφ(1)1 , . . . , σ
δφ(n)
n ). Now σ
δφ(i)
i ∈ σ Aut(Li)
for each i. As σ L = σ Aut(L) , there is ηi ∈ Li such that σ δφ(i)i = σηii . Thus β = σ¯ (η1,...,ηn) and hence
β ∈ σ¯ N . This proves σ¯ N = σ¯ G . Let X ∈  and let τ ∈ G such that Pτ = X . Then (σ¯ N ∩ NP )τ = σ¯ Nτ ∩
NPτ = σ¯ N ∩ NX , as σ¯ N = σ¯ G . Therefore |σ¯ N ∩ NP | = |σ¯ N ∩ NX | for each X ∈ , as G is transitive on .
Consequently, we have that
∣∣FixPN (σ¯ )∣∣= |CN(σ¯ )| ∣∣σ¯ N ∩ NP ∣∣= |CN (σ¯ )| ∣∣σ¯ N ∩ NX ∣∣= ∣∣FixXN (σ¯ )∣∣, (4)|NP | |NX |
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number of N-orbits on . Then r|FixPN (σ¯ )| =
√
n + 1. Furthermore r | (n + 1), as G is transitive
on  and N  G . Thus r | (n + 1,√n + 1) and hence r  2. In particular, |FixPN (σ¯ )| =
√
n+1
r and
[N : NP ] = n+1r with r  2. If r = 1, then N is transitive on . Moreover the L j ’s are the minimal
normal subgroups of N . Then d = 1 by Lemma 2 applied to the group N . This is a contradiction as
d  2 by our assumption. Therefore r = 2, n is odd and hence [N : NP ] = n+12 is odd. This proves (1),
(2) and (4). Hence  = P N ∪ Q N . From the proof of Lemma 3 and the relation r = 2 it follows that
([N1 : N1,P ], [N1 : N1,Q ]) = 1.
Note that L j,P = 〈1〉 as n+12 is odd, being n an odd square number. If L j,P = L j , then L j ﬁxes P N
pointwise, since L j  L. Hence any involution of L j ﬁxes at least
n+1
2 points on . Then
n+1
2 
√
n+ 1
and hence
√
n = 2. This is a contradiction, since n must be odd. Therefore 〈1〉 = L j,P < L j for each
1 j  d.
Let ϕ ∈ G be such that Pϕ = Q . Since G  Aut(L)wrSd , then ϕ = αγ where α = (α1, . . . ,αd)
and αi ∈ Aut(Li) for each 1  i  d and γ ∈ Sd . Then Lϕj = Lαγj = Lγj = Lγ ( j) and Lϕj,P = Lγ ( j),Q
where Q = Pϕ = Pα′ and α′ = αγ (1) . . . αγ (d) . Thus [L j : L j,P ] = [Lγ ( j) : Lγ ( j),Q ]. Assume that j  2. If
γ ( j) 2, then [L j : L j,P ] = [Lγ ( j) : Lγ ( j),Q ] divides [N1 : N1,P ] and [N1 : N1,Q ]. Then [L j : L j,P ] = 1 as
([N1 : N1,P ], [N1 : N1,Q ]) = 1. This is a contradiction since L j,P < L j . Thus γ ( j) = 1.
Assume that d  3. Then there is j′ = j and j′ = 1 such that Lϕj′,P = Lγ ( j′),Q with γ ( j′) 2
as γ ∈ Sd , and we obtain a contradiction by the above argument with j′ in the role of j.
Thus d = 2 and we obtain (3). Hence N1 = L2. Therefore ([N1 : N1,P ], [N1 : N1,Q ]) = 1, actually
([L2 : L2,P ], [L2 : L2,Q ]) = 1 and we obtain (5), since G permutes L1 and L2 via conjugation. 
Lemma 5. L j cannot be isomorphic to Ak for k 5.
Proof. Assume that L j for j = 1 or 2 is totally irregular on Π , i.e. the stabilizer in L j for j = 1 or 2
of any point of Π is non-trivial. Then k  21 by [14], Theorem 1. Easy computations rule out the
remaining cases with the aid of [1] (Note that we do not use the fact that L j is totally irregular on Π
to exclude the case k 21.) Hence for each j = 1,2 there is a point Y ( j) ∈ Π such that L j,Y ( j) = 〈1〉.
Thus |L j| n2. Let σ¯ = σ1σ2, where σ1 = σ2 = σ ∈ L and σ is a product of disjoint transpositions, as
d = 2 by Lemma 4(3). Recall that |FixPN (σ¯ )| = |CN (σ¯ )||NP | |σ¯ N ∩ NP | (e.g. see [26], relation (9)). Then
∣∣FixPN (σ¯ )∣∣= |N||N|
|CN(σ¯ )|
|NP |
∣∣σ¯ N ∩ NP ∣∣= [N : NP ]|σ¯ N |
∣∣σ¯ N ∩ NP ∣∣. (5)
From Lemma 4(1), (2) and its proof we have that n is odd, [N : NP ] = n+12 and |FixPN (σ¯ )| =
√
n+1
2 .
Thus (5) becomes
√
n + 1
2
∣∣σ¯ N ∣∣= n + 1
2
∣∣σ¯ N ∩ NP ∣∣.
Since (
√
n+1
2 ,
n+1
2 ) = 1 then n+12 divides |σ¯ N | = |σ L |2. Then n+12  |σ L |2 and hence
1
2
k! [2∣∣σ L∣∣2 − 1]2, (6)
since |L j| n2 and L2 ∼= Ak . As σ is a product of disjoint transpositions, then
∣∣σ L2 ∣∣= k(k − 1)(k − 2)(k − 3) .
8
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1
2
k!
[
2
[
k(k − 1)(k − 2)(k − 3)
8
]2
− 1
]2
.
It is straightforward to see that k 10 and no cases arise by the above argument. 
Lemma 6. L j cannot be isomorphic to a sporadic simple group.
Proof. Assume that L j is sporadic. Note that [L j : L j,P ] | (n + 1). Let t be a prime divisor of n + 1.
Then either t ≡ 1 mod 4. Furthermore 4 does not divide n + 1. A direct inspection of [1] shows that
no sporadic simple group satisﬁes this property. 
Lemma 7. L j cannot be isomorphic to a group of Lie type in odd characteristic.
Proof. Assume that L j ∼= Xm(p f ), where Xm(p f ) is a group of Lie type and p is odd. By [12], The-
orem 4.2.2(j), Tables 4.5.1 and 4.5.2, there is σ ∈ L j such that σ L j = σ Aut(L j) . Then n is odd, d = 2
and for each P the group L j,P contains a Sylow 2-subgroup of L j by Lemma 4. In particular by
Lemma 3(2), there is a point P0 such that L j,P0 contains a Sylow p-subgroup of L j . Therefore there
is a maximal subgroup of L j , say M j(P0), which contains a Sylow 2-subgroup of L j and a Sylow
2-subgroup of L j . Then M j(P0) is a maximal parabolic subgroup of L j of odd index in L j by [27],
Theorem 1.6. Then L j ∼= E6(p f ) and M j(P0) is a maximal parabolic subgroup of type D5 by [21].
Thus
(p9 f − 1)(p12 f − 1)
(p f − 1)(p4 f − 1)
∣∣∣∣ n + 12
as [L j : M j(P0)] | n+12 . Then 3 | (n + 1) for p = 3 and we obtain a contradiction in this case, as
n is a square. Hence p = 3. Then for each point Q on  the group M j(Q ) must contain a Sy-
low 3-subgroup of L j and is therefore a maximal parabolic subgroup of type D5 again by [21] and
Lemma 4(2). That contradicts Lemma 4(5) and the assertion follows. 
Before proving the next lemma we need to introduce some known facts which are useful for the
sequel. Let p and r be distinct primes and m an integer which is not a power of p and let X be
a group which is not a p-group. Then
ζ 0p (r) = min
{
z 1
∣∣ pz ≡ 1 mod r},
ζp(m) = max
{
ζ 0p (t)
∣∣ t prime, t = p, t |m},
ζp(X) = ζp
(|X |).
Note that if X ∼= Xm(p f ) then ζp(X) is known. For more details about ζp(X), the reader is referred
to [18], Proposition 5.2.16 and Table 5.2.C.
Lemma 8. L j cannot be isomorphic to a group of Lie type in even characteristic.
Proof. Assume that L j ∼= Xm(2 f ) is a classical group. Recall that L j,P contains a subgroup of L j of
index at most 2 in a Sylow 2-subgroup of L j by Lemma 3(1). Let M be a maximal subgroup of L j con-
taining L j,P . Assume that a Sylow 2-subgroup of M has index 2 in a Sylow 2-subgroup of L j . Hence M
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rem 1.2.3. If m 12, then |M| > q3m and hence M ∈ Ci(L j), with 1 i  8, i = 6, by [20], Theorem 4.1.
A direct inspection of the list of the maximal subgroups of L j given in [18], Chapter 4, rules out these
remaining cases. So, m 11. Then either L j ∼= PSL2(4) and M ∼= D6 or D10, or L j ∼= Sp6(2)′ ∼= PSL2(9)
and M ∼= PSL2(4) or E9.Z4 by [17]. Since n must be a square, the unique admissible case is n = 9 and
either L j ∼= PSL2(4) and L j,P = M ∼= D6, or L j ∼= Sp6(2)′ ∼= PSL2(9) and L j,P = M ∼= E9.Z4. Neverthe-
less, both cases cannot occur by [13]. Thus M contains a Sylow 2-subgroup of L j and hence M is a
maximal parabolic of L j by [27], Theorem 1.6. So, the admissible maximal subgroups of L j containing
the stabilizer of a point of  must be parabolic.
From [7] it is easily seen that all [L j : M], where M is a maximal parabolic subgroup of L j are
divisible by u, where u is a primitive prime divisor of 2ζ2(L) − 1, where ζ2(L) is above deﬁned. There-
fore, none of the maximal parabolic subgroups of L j contains a Sylow u-subgroup of L j . Nevertheless,
there is a point Q ∈  such that L j,Q contains a Sylow u-subgroup of L j by Lemma 3(2). Hence,
there is a maximal subgroup M∗ containing L j,Q and hence such Sylow u-subgroup of L j . Then M∗
is forced to be parabolic by the above argument and we obtain a contradiction.
Assume that L j ∼= Xm(2 f ) is an exceptional group of Lie type. A Sylow 2-subgroup of M has index
at most 2 in a Sylow 2-subgroup of L j by Lemma 3(1). Then [M : S ∩ M]  3 by the maximality
of M . If L j is not isomorphic either to Eε6(q), ε = ±, or to E7(q), then |M| > qk(L) , where k(L) is
deﬁned in [22]. Thus, either M is a parabolic subgroup of L j or M is one of the groups listed in
Table 1 of [22]. Actually, the latter cannot occur since the restriction [S : S ∩ M] = 2 does not hold in
any of the groups listed in Table 1 of [22]. Hence, when L is not isomorphic either to Eε6(q), ε = ±,
or to E7(q), the group M is a maximal parabolic subgroup of L j . For the cases Eε6(q), ε = ±, or to
E7(q), q is even, we may use the same proof of [22] with a weaker lower bound for M , namely
|M| > qk(L)−1, obtaining the same conclusions of the main Theorem of [22], plus some other groups.
Nevertheless, none of these groups satisﬁes the restriction [S : S ∩M] = 2, and they are also ruled out.
Hence M is a maximal parabolic subgroup in any case. We can determine all the maximal parabolic
subgroups of L j from the Dynkin diagram (e.g. see [5]) and calculate precisely their indices from the
information provided by [5,10,24]. It is easily seen that 3 divides [L j : M] and hence n + 1 in any
case except for L j ∼= 2B2(2 f ), where f is odd and f > 1. On the other hand, as n is a square by our
assumption, it cannot be divisible by 3. Therefore, the unique admissible case is L j ∼= 2B2(2 f ) where
(22 f + 1) | (n+ 1). Now, let t be a primitive prime divisor of 22 f + 1 (see [18], Theorem 5.2.14). Then
there is a point W on  such that L j,W contains a Sylow t-subgroup of L j by Lemma 3 (2) with
L j,W < L j . Hence SW  L j,P  M0 < L where M0 is a maximal subgroup of L j . Then 4 | (n + 1) as 4
divides [L j : M0] by [29]. This completes the proof. 
The previous lemmas yield the following result.
Theorem 9. Let G be a collineation group of a ﬁnite projective plane Π of order n with a faithful transitive
action on a line  of Π . If G is of even order, then one of the following occurs:
1. Soc(G) is an elementary abelian p-group for some prime p dividing n + 1, the group G/Soc(G) acts
irreducibly on Soc(G) regarded as a GF(p)-vector space, and G ﬁxes a unique point of Π − ;
2. Soc(G) is a non-abelian simple group.
At this point Theorem 1 follows from Theorem 9 and from Theorem 1 in [4].
2. An application of Theorem 1
As an application of Theorem 1, we generalize a result of Biliotti and Korchmáros in [3] by showing
that the assumption of the existence of involutory perspectivities in the collineation group of the
plane is superﬂuous. Actually, the authors did not prove that Π is the dual of a Lüneburg plane, they
just prove that the dual of a Lüneburg plane provides an example and that no other examples occur
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just require that the collineation group is of even order and we characterize the plane Π .
Theorem 10. Let B be a transitive G-pointed blocking set of a ﬁnite projective plane Π of order n. If G is of
even order, then the following occurs:
1. Π is the dual of a Lüneburg plane of order n = 22h,h odd, h > 1;
2. Sz(2h) G  Aut(Sz(2h));
3. |B| = (22h + 1)(2h − 1), or |B| = 2h(22h + 1)(2h − 1).
Proof. Let P be the point ﬁxed by G . Then G is faithful transitive on [P ] by [3], Corollary 2.2. Then
by the dual of Theorem 1 we obtain that either Soc(G) is an elementary abelian p-group for some
prime p or G contains involutory perspectivities. If the former occurs, then G ﬁxes a unique line r
of Π such that P /∈ r. Then r intersects the blocking set B. Since G is transitive on B and G ﬁxes r,
then B ⊆ r and we obtain a contradiction. Hence G contains involutory perspectivities. Then Π has
order n = 22h,h odd, h > 1 and the assertions (2) and (3) hold by [3], Theorem 2.4. The actions of
Sz(2h) on a ﬁnite projective plane are given in [23], Theorem 28.11. The unique possibility which is
compatible with the existence of the blocking set B is the one in which Sz(2h) has an orbit which
is an oval of Π . In particular Sz(2h) acts on the oval in its 2-transitive permutation representation of
degree 22h + 1. Then Π is the dual of a Lüneburg plane of order n = 22h by [25], Theorem 1.2. This
completes the proof. 
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